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Abstract

In this study, we are interested in studying a physical model to predict the effect of
the strong magnetic field of neutron stars on their structure. This model can help
understand the characteristic of matter in conditions different from Earth, where the
density of matter and energy is higher, and the magnetic field is stronger. Most
of the time, magnetic fields differentiate depending on the central enthalpy in our
model; however, to understand how the magnetic field behaves and its relationship

with variables, we tested more than one magnetic field form.

Our model consists of an attractive, uncharged material confined to finite
relative space and has a magnetic field. The equation of state is built so that the
material is denser and depends on strong magnetization properties. Our neutron star
structure is determined by many parameters such as enthalpy, material density, and

magnetic medium.

We use the "Poisson-like" partial differential equation solution that evolved
from Einstein-Maxwell’s equation to determine the shape of magnetic field lines,
standard magnetic field, and enthalpy and choose the largest magnetic field possible
depending on the central bend. We also use the Tolman - Oppenheimer - Volkov
like differential equations to find the relationship of mass and pressure with a star’s

dimensions.
Our results indicate that the central enthalpy significantly controls the
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magnetic field and system state and plays a significant role in the magnetic field
curvature within the neutron star and the system’s energy. The magnetic field also
plays an essential role in the neutron star’s formation and structure, whether in its
radius or the matter/mass distribution and pressure inside it. It significantly affects
the change in the distribution of matter inside the star and its concentration in the
core, its distribution on several levels, sometimes according to the magnetic field’s
shape in each case. Especially in more realistic cases, and this applies to the change

of pressure, which is also less affected by the change of the magnetic field.
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Chapter 1: Introduction

1.1 A brief overview of neutron Stars

Prediction of neutron stars began shortly after discovering neutrons, where it was
found in 1932 by Sir James Chadwick through his study of the emissions of irradiated
beryllium. After less than two years, Baade and Zwicky assumed that supernovae
could be transforming a normal star into a neutron star after removing all the charged
particles. However, the supernovae was not understood at the time 1™ This was the
beginning of research in the physics of neutron stars>*There were other works in
the 1930s that went in the direction of exploring the possibility of regular stars with
a deteriorating core. In particular, Oppenheimer and Volkoft (1939) proposed the
state equation relative to the gas of neutrons. It became the basis on which later

works were built.?

Indeed, neutron stars were discovered in the 1960s as pulsars by Jocelyn
Bell and Antony Hewish 2 Initially, they interpreted them as references to extrater-
restrial civilizations, but later they discovered that pulses are a feature of matter
Stellar in severe extreme conditions Neutron stars are the result of the evolution of
massive stars (M > 8Ms), where the principal is unable to support its iron nuclei
with hydrostatic pressure, often resulting in a supernova® which is a bright and

short-lived stellar explosion. Few of them have been observed historically,” and
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from the remnants of the blast produces neutron stars.3=:

The importance of studying neutron stars lies in their unique properties,
which are difficult to find or reproduce on Earth or in the solar system. Neutron stars
are very dense stars*® making them a unique laboratory for cold and dense materials
that cannot be produced in terrestrial laboratories. Based on an understanding of
matter’s properties within these stars, our knowledge of matter and its behaviors will
increase, especially in extreme conditions, to prove theories in high energy physics,

particle physics, nuclear structure and cosmology.

Like other ordinary stars, We expect that there will be a spectrum of
densities, from the iron core’s density on the star’s surface to several times the
density of natural nuclear materials (2.7 X 1014g /em?) in the core in neutron stars
and very diverse magnetic fields (their classes and its characteristics will explain

in section 1.3).

1.2 Magnetic field of neutron stars

Before the discovery of an intermittent radio emission from the Sun in the last
century, the largest amount of magnetic fields (B) in the universe was unknown.
Magnetic field on the sun is estimated to be several thousand Gauss (G), later it
was found that the fields are extensive.” Now it is known that there are stars with
a magnetic field of up to 103G like the star (HerX1 pulsar) and the most in the
neutron-magnetic stars where the field reaches 10'7G ¢ Researchers claim that it
is possible; theoretically, that the field strength may be increased to 103G 7 In
1956, Prendergast predicted that a stable magnetic field through a star can consists
of a polar dipole part which is made stable by a toroidal part of similar strength.
This concept is used in designing fusion reactors. It became possible to follow

the development of an arbitrary field with numerical magneto-hydrodynamics. The
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Figure 1.1: The magnetic field structure of a neutron star in a twisted ring formation S

main result of this work is the emergence of a stable field formation in which the
stable field is nearly axisymmetric and contains poloidal and cyclic components of
similar strength. The shape of the resulting field is always the same; a ring torus
shaped configuration fixed inside the star, with an almost dipole field attached to
it outside the star. Majority of the field lines projected at the meridian plane are
closed inside the star, but some extend outside it? As Figure where image
(a) is a stereoscopic view of twisted ring formation when the ring torus is trapped
within a star, in the image (b), It reaches the surface of the star and it has many non
axisymmetric patterns. Also, image (c) is an illustrative view of the magnetic field
structure with different open field (red lines) and those in the ring torus confined
inside the star (blue), and image (d) is the poloidal field lines (red) and the azimuthal

mean of the toroidal field (blue).
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1.3 Types of neutron stars by the magnetic field

Nowadays, about 3,000 neutron stars are known since the first measurement of a

neutron star. They have various characteristics, and composition

10712 with ages

(< 100 Myr), 13 from magnetars to rotating radio transients. In addition to radio

pulsars and central compact bodies,'* many other properties that can be used to

classify them within classes and sub-classes, ' as detailed in Table( .

| Classes

\ sub-classes

\ Description

Rotation Powered Pul-
sars (RPP)

Classical Radio Pulsars (PSR)

Recycled Radio Pulsars

Rotating Radio Transients
(RRAT)

Accretion Powered Pul-
sars (APP)

High Magnetic Field Objects

(HMXB:XRP,SFXT)

Low Magnetic Field Objects

(LMXB:AMXP,XRB)

Internal Energy-
powered Neutron Stars
(IENS)

Magnetars

(AXP/SGR)

Compact Central Objects
(CCO)

Isolated Neutron Stars (INS)

Table 1.1: Classes and sub-classes of neutron saters by spin period P10

Neutron stars can be classified into three main classes based on the mag-

netic field:

1. Rotating pulsars (RPPs): It was accidentally discovered by chance in 1968,

known initially as radio pulsars, and operate with losing spin energy because

of magnetic braking. The main characteristic of any pulsar are the following:

spin period (P,) and the period derivative (P

).10

Also, It is considered the

largest class of isolated neutron stars (INS) 1> The essential quantity derived is

the surface magnetic field’s dipole component; RPPs have three subcategories.
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Figure 1.2: A graph showing the distribution in the magnetic field B of all radio, XINS, and

magnetic pulsars for which P was measured. Inner input: Zoom into B > 5 x 10'2G to better show

the distribution of magnets.
The first sub-class is the classical radio pulsars (PSR) with Py ~ 1 s and
B, ~(10''° — 10139)G, and the second sub-class is the millisecond radio
pulsars (MSRP), they are defined with P < 20 — 30 ms. The classification
is not very precise because the condition is to separate a class of RPPs that
have gone through various evolutionary paths that include long-life binary
systems and a "recycle" accumulator loop that reduce the period of spin and
the magnetic field. The third subclass Black Widow (BW) and Red Back
(RB), stars form gateways to a specific class of binary MSRPs. It is so named

because it is on its way to destroying its comrades by the strong winds of

pulsars and will likely be left as isolated pulsars milliseconds ¥

2. Accretion Powered Pulsars (APP): It is supported by the accumulation of
material amounts from a companion and is classified as a low-mass X-ray
binary (LMXB) or a high-mass X-ray binary (HMXB) depending on the

donor star’s mass, and it has two subcategories.
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The first sub-class is neutron stars in HMXBs with B, ~ 102G usually
appearing as X-ray stars. The accretion material’s interaction with the neutron
star’s strong magnetic field is shown as complete popular absorption lines
called cyclotron resonance scattering (CRSF) Which are distinguished in the
stable X-ray of HMXBs. The magnetic field can be foredoomed from CRSFs,
and neutron stars in LMXBs. The second subclass, have significantly weaker

magnetic fields (B < 10''G) by an extensive phase of accumulation.

Among all LMXBs comprising neutron stars - X-ray pulsars (AMXP) and
accumulated milliseconds, X-ray anomalies (AMXB) are of interest as they
are understood to be direct precursors of MSRPs and are expected to enter the
radio pulsar phase when the accumulation ceases. The magnetic field in these
systems is usually obtained based on an estimate of the internal truncation
radius of the accretion disk as the disk pressure in this ray is balanced by the

magnetic field pressure 1V

3. Inner-powered neutron stars (IENS): It is an unclear power generation mech-
anism to this class. It is suspected to be related to internal processes, such as

the decay of a strong magnetic field or the residual heat from the precursor.

Possibly the critical hyper-accretion phase occurs immediately after the birth
of a neutron star, the original field was buried in deeper regions of the crust,
the second subclass being the Seven Isolated Neutron Stars (INS), known as
the Spectacular Seven stars, are optically faint and have X-ray spectra similar

to the black body ( 7' ~ 10°K)10

The main focus of this thesis in magnetars. It includes a small group
of X-ray pulsars considered to have the most magnetic fields. These neutron stars
have surface fields B < 105 G. Also, it was found that internal magnetic fields

of approximately B ~ 10'7GZ The strong X-ray emission of those objects (Lx ~
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10%3erg/s) appeared to be so loud and variable that they could not be given spin
energy alone (as in radio pulsars), and there is no evidence of a companion in the

star. Yet, in favor of any accumulation process® (as binary x-ray systems).

Today about thirty magnetic and magnetic filter stars are known in the
vicinity of the galaxy. Most of them appear as highly contrasting X-ray emitters,
indicating an accumulation of a large amount of material while accumulating a
high period. Anisotropy (varying in size according to the measurement direction)
indicates that the accumulation either is not permanently stable and the magnetic
field strength at these high values is subject to some temporal restructuring. Most of
this magnetic activity is attributed to processes in the crust of a neutron star. At the
same time, the core of the star is thought to be a Type II superconductor that may

occasionally expel magnetic flux tubes, contributing to temporal oscillation

Due to these high B fields, the magnets’ emission was thought to be
triggered by their strong fields’ atomization and instability. This robust X-ray output
is usually modeled by thermal emission from the hot surface of a neutron star (about
3 x 10% K) reprocessed into a twisted magnetic envelope through resonant cyclotron

scattering, a process only preferred under these extreme magnetic conditions.®

There are many interesting questions and problems regarding the crust
and the basic structure in the presence of strong magnetic fields as has been deduced
with respect to magnetic stars. Problems such as these have become the subject of

recent investigations other than those discussed in this thesis.

It appears that the crust is not structured as a liquid. Relativistic hydro-
dynamics assumes that the strong magnetic fields in these neutron stars can cause
matter in the crust not to the surface layer but also into the layers below the brittle
outer crust. It becomes "noodle-like" vertically (to the surface) outside the stained

structures, a substance that may mix with the super-fine liquid cells, and break down
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Neutron Star

Surface:
Hydrogen/Helium plasma
Iron nuclei

Outer Crust:
lons
Electron gas

Inner Crust:
Heavy ions
Relativistic electron gas
Superfluid neutrons

Outer Core:
Neutrons, protons
Electrons, muons

Inner Core:
Neutrons
Superconducting protons
Electrons, muons
Hyperons (2, A, E)
Deltas (A)
Boson (mt, K) condensates
Deconfined (u,d,s) quarks / color-
superconducting quark matter

Figure 1.3: Internal structure of a neutron star/ 16

by magnetic flux tubes. These structures undergo plastic deformation that may gen-
erate magnetic activity in the magnets. The effect of such a structure on magnetic

field distribution in the crust and neutron star environment remains unknown.”

Recent investigations of Strok 3D suggest that small magnetic fields of the
Earth’s crust may survive for a extended period of time in a similar fashion to the
butterfly structure of sunspots. This happens in bands moving toward the equator
where crustal currents can organize themselves into a strong equatorial electric line.
Magnetic pressures of such fields and currents may lead to magnetic earthquakes
and associated anomalies and temporal changes in the magnetic field up to a million

years after the formation of the neutron star?
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1.4 Magnetic field and neutron star structure

There is a significant effort dedicated to investigate neutron star structure (Figure
[I.3) and the effect of magnetic fields on it, especially the strong magnetic field, and

during several years from the nineties to the current decade 712

In 1995, Bokeh presented the first numerical solutions to Einstein -
Maxwell equations describing fast spinning neutron stars with a magnetic field.
These completely consistent and relativistic solutions and all the effects of the elec-
tromagnetic field on the equilibrium of the star (Lorentz force, spacetime curvature
due to electromagnetic stress energy) are taken into account. Five formulas are used
for the dense state, but the partial differential equation system was combined using
the pseudo-spectra method. Various tests passed are presented by numerical code.
Next, the effect of the magnetic field on the structure of neutron stars is studied,
through the comparison of magnetic and non-magnetic formations with the same
number of baryons. The star’s deformation due to the magnetic field is significant
only for huge values of B (B > 10'° T). The maximum mass and the maximum

rotational speed were calculated as the magnetic field increased.

The maximum permissible magnetic field for the poloidal is in the order
of 10'* T and is reached when the magnetic pressure is similar to the pressure
at the center of the star. For these values, it is found that the maximum mass of
neutron stars increases by 13% to 29% (depending on EOS) to the maximum mass

of non-magnetized stars. 1

In 1999, Yuan and Zhang investigated the overall characteristics of dense
neutron star matter and star structure under the effect of strong magnetic fields,
based on two nonlinear models of pu nuclear material, i.e. BB and ZM, within an

approximation of the mean-field. In contrast, to the results obtained in the linear
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p-u model and the BB model, they found that the effect of the magnetic field on the
effective nucleon mass m* is not crucial in the ZM model. Therefore, they expected
that neutrons within the neutron star has a probability of being a super-fluid in the

ZM model if there was a strong value of the magnetic field within the star.

Moreover, the EOS equations will become smoother and softer as the
magnetic field (B) increases. They show the effects of internal magnetic fields on
the overall properties of neutron stars, such as critical masses, corresponding radius,
moment of inertia, crust mass, and crust torque, Of inertia, and a red shift in gravity

in both nonlinear p-u models.2"

In 2001 Cardal studied static neutron stars with polygonal magnetic fields
and a simple class of electric current distributions compatible with stability require-
ments. Because this is a class of electric current distributions, they found that
magnetic fields are too large to exist when stationary formations are present when
the magnetic force releases enough mass off the center that the force of gravity points

outward near the origin in the equatorial plane.

The state equations (EOS) applied in past work obtained higher block
configurations than stated. It also delivers results with more modern EOS. All of
the EOSs studied, they found that the largest mass between these static magnetic
field configurations is significantly greater than the maximum mass that can be
obtained through uniform rotation and that for constant values of the baryon number,
all the maximum mass configurations are characterized by an off-center density

maximum %!

In 2003, Mao studied the effects of strong magnetic fields on the structure
of a neutron star. If the inner field is in the same order as the surface field currently
observed, the magnetic field affecting the star’s mass and radius is negligible. If one

believes that the internal magnetic field can be as large as measured from numerical
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viral theory, then significant effects can be induced. The stars’ maximum mass arose
mainly, while the central density was mostly retreated. For two stars of equal mass,

the magnetic star’s radius could be about 10%20% than the nonmagnetic star.

In 2011, Ryu and Cheoun investigated the effect of the intensity-dependent
magnetic moment of baryons in the strong magnetic fields of a neutron star with
hyperons and kaons. In the presence of strong magnetic fields, charged particles
exhibit Landau quantization, so that the chemical potential, state equation, and

mass-half relationships depend on the strength of the magnetic fields.

Since the magnetic fields are integrated with the magnetic moments of the
baryons, they compute the neutron star with Hyperons and kaon condensation and
investigate the effect of the intensity-dependent magnetic moment of eight baryons
obtained by the quark - meson coupling model. The effect is a maximum of 0.1M

for hypertonic matter, but in cosmic matter, its effect can be ignored %>

In 2013, Bordbar and Rezaei studied the effect of strong magnetic fields
on the broad properties of neutron and proton stars. In their calculations, the neutron
star material has been approximated from a pure neutron material. Using the lowest
order finite contrast method at zero and infinitesimal degrees, and operating the AV 18
potential, they presented the effects of strong magnetic fields on the gravitational
mass, radius, and gravitational redshift of neutron and proton stars. It is found
that the neutron star state equation becomes stiffer with increasing magnetic field
and temperature. This leads to greater values of the maximum mass and radius of

neutron stars.2*

In Figure3.2] one can see the behavior of the pressure with energy density
in panels a and a*, while in panels b the relation of the star mass as a function of
the radius for different values of magnetic field is plotted. In panel c the effect of

temperature is examined.
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(a) Pressure (P) vs. energy density (e) relation is plotted at different values of
magnetic field, where B is 0 G (continuous curve), 5 X 10'® G (dashed curve)

and 10" G (dash-dotted curve) at a constant temperature value, T = 0 MeV.
(a*) Same as at the top but for a different set of energy densities.

(b) Mass-radius relation, for the cases B = 0 G (continuous curve), B = 5 x 10'8
G (dashed curve) and B = 10'°G (dash-dotted curve) at a constant value of

the temperature, 7 = 0 MeV.

(c) Mass-radius relation, for the cases T = 0 MeV (solid curve) and T' = 15 MeV

(dashed curve) at a fixed value of the magnetic field, B = 5 x 10'3G#*
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Figure 1.4: (a) Pressure (P) vs. energy density (e) relation is plotted at different values of magnetic
field.(a*) Same as in the top but for a different range of energy density.

(b) Mass-radius relation, relation is plotted at different magnetic field values.

(c) Mass-radius relation,relation is plotted at different temperature values 2+

In 2016, Bucciantini and others discussed the properties of equilibrium
models of magnetic neutron stars and showed how they can have both internal and

external currents. These magnetic fields have also been discussed bearing in mind
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B (1.e18 G) B (1.e18 G) B (1.e18 G)

R(km)
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Figure 1.5: Neutron stars with a purely toroidal field. Portraits show the strength of the magnetic
field for a star of mass M = 1.68 My,,,,. From left to right y = 1, 2, and 4. The blue line is the stellar
surface. >
their inherent stability. In the case of a twisted magnetosphere, they demonstrate
how the torsion amount regulates the overall structure as shown Figure(I.5). The
general solution rendering is dependent on the simultaneous numerical solution of

Einstein’s equations with equation of state p o« p¥ where p is rest mass density and

v is constant.?

In the next chapter, we’ll look at how to get the equations describing the
star system, the forces that affect it, and the structure of the star. In Chapter 3, we
systematically study magnetic field states on a neutron star. We show the effect of

various magnetic fields on the star’s dimensions, potential energy, and momentum.
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Chapter 2: Formalism

2.1 System of Equations

First, we will present a self-consistent model for studying a neutron star structure
in strong magnetic fields. We will start from a microscopic Lagrangian; this model
includes the effect of the magnetic field on the equation of the state (EOS), then the
interaction of the electromagnetic field with the material (magnetization). The loss
of variation in the energy-momentum tensor, as well as the general relative aspects,
depending on the work of D.Chatterjee et al. 2015,2% Unless otherwise stated, we
work with ¢ = & = 1 and a metric signature of (—1,1,1,1). The fundamental

constants G and uo will be kept in the equations for more good readability.

2.1.1 Energy-Momentum Tensor in the presence of a Magnetic

Field

We will construct the microscopic energy-momentum tensor from the Lagrangian
for fermions in an electromagnetic field; we will calculate the energy-momentum

thermodynamic average tensor to identify the contributions by the magnetic field.

Without coupling with the electromagnetic field, in the general relative
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context, it is generally assumed to have a perfect fluid form,
™ = (e + p)u*u” + pgt” 2.1

where € denotes the (matter) energy density,p the pressure,and u* the fluid four-

velocity.

The Lagrangian density of a fermion system can be written with a magnetic
field such that
- 1
L= _‘//(x)(Duyﬂ +my(x) - rmFquﬂv (2.2)

where D, = d,, —iqA,, q is the charge of the particles, and the field strength tensor

of the electromagnetic field,
FFY = gFAY — 9V AH (2.3)

The condition determines the energy-momentum tensor of Einstein - Hilbert that

appears as the source of Einstein’s equations that the procedure, S, is constant,

S = JL\/—_gd4x (2.4)

In our case, a fermion field associated with an electromagnetic field is given by

1 1.
™= _/l_onFav + S D" +y D + gL (2.5)

The thermal average for the energy-momentum tensor is given by

1
Ho

v
g4 FopFP) (2.6)

1
= (e+p)utu”+pgh’ +— + - o+
(T*) = (e +pgh* + S (Fy M+ FyM™) = —(FFF,”

In the fluid rest frame (FRF), assuming a perfect conductor, the electric
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field vanishes, and only the magnetic field b, is nonzero. The electromagnetic field

tensor can then be expressed in terms of b, as
Fpuy = €qpuvit’b° (2.7)

with the Levi-Civita tensor €, associated here with the Minkowski metric, where the
magnetization tensor is

Myv = Eaﬁyvuﬁma (28)

with the magnetisation four-vector
X
My =2b, (2.9)
u
where x numerical quantity.

2.1.2 Electromagnetic equations

Following BGSM, we use MSQI coordinates (Maximal Slicing - Quasi- Isotropic

coordinates) (z, 7, 6, ¢), in which the metric tensor g takes the form?
1
Gapdx®dxP = —N?dr* + A* | B*r*sin*6(d¢ — N?)* + E(drz +r2de*)|  (2.10)

where N, Ny, A, and B are four functions of (r, #), where v := InN,a := In A ,and

B :=InB.

The most general form of the electric 4-current j compatible with the
premise of stationarity, axisymmetry, and circularity has The following components
about (¢,r, 0, ¢) coordinates: j = (j',0,0, j¢),and the corresponding electromag-
netic field tensor F must be derived from a potential 1-form A with the following

components Agjppq = (A1,0,0, Ay):
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Fap=Apa—Aap Q2.11)

The electric field E and the magnetic field B as measured by the observer O are

given by
Ea,= aﬁnﬁ
A A (2.12)
= 0,l 04: | Nol2o l 04: |, Nol20 ,0
N | Oor or N | 06 00
1 B pap
Ba, = —EEa,ﬁﬂyn F
" A2Br2sing 960 ° A2Bsing or’

Note that a consequence of [2.13]is that the magnetic field lines lie on surfaces Ay =
const. In non-relativistic studies, Ay is usually called the magnetic stream function

or magnetic flux function and is denoted a or A.

The source-free Maxwell equations Fi,g.,) = 0 are automatically satisfied
by the form |i of F. The remaining Maxwell equations F%° .8 = Moj® can be

expressed in terms of A; and Ay as the Maxwell-Gauss equation

A4 ‘ ‘ A4BZ ‘
A3At =- ,UOE(gtt]t + g,¢]¢) - WN(Z)I"ZSU’ZZQX

A*B?
X 0A,0N? — (1 +

7 rzsin20(N¢)2) X

(2.14)
X AgON? — (OA, + ON?A$)Ia + B — v)

N (6A¢ 1 6A¢)

+
r or rtand 00

and the Maxwell-Ampere equation
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AzA? = —,qu8 (j¢ - N¢jt)rsin9

4p2
+ =gz sind ON?(OA, + NPOAy) (2.15)
+ " sin98A¢6(2a/ +B-v),
where
" A
A0 .= 0 (2.16)
r sin6
: ._ 0a 0B 1 da 0B
use has been made of the short notation dadp := G- 5~ + =%5630
9 244 1 07
2T o2 ror 22 @.17)
2 244 1 7 1 0
A3i=—F—+—— ¢+ — 2.18
ST 02 T rar 12002 P2tanb 06 ( )
N 2 240 1 0? 1 0 1
Az (2.19)

= S+ — + — -
or: rdr r20602 r’tanfdb r?sin20

2.1.3 Energy-momentum tensor and Einstein equations

Under the present assumptions of a stationary, axisymmetric spacetime, the Einstein
equations result in a set of four elliptic partial differential equations for the metric

potentials defined in eq.(2.10):

) B2 2o 20

A3y = 4nGA% (E + S';) + 2—:;2”(6N¢)2 v+ B (2.20)

AN o NA® , o
A3(N®r sinf) = —167G = —rsind ON?O(36 —v) (2.21)

rsin
Mo[(NB — 1)r sinf] = 8tGNABr sin (S’, + S%) (2.22)
3BZ 2o 29

Doy +@) = 8A’S%y + T = (IN') = (9V) (2.23)

E,J., S j are quantities obtained from the so-called 3+1 decomposition of
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the energy-momentum tensor.
In our case of eq.(2.6) describing a perfect fluid endowed with a magnetic field,
including magnetisation effects, they can be written in axisymmetric stationary

symmetries as:

1 . )
E=T*c+p)—-p+ 7 [(1+2%)E'E; + B'B;], (2.24)
Ho
2 1 2 npr o r po i
J¢=F(a+p)U+—[(ABE —EB)+xBB,~U], (2.25)
Ho
r 1 0 r 0 r 2x 6
S, =p+—|E’Ey—E"E, + BBy — B'B, + —=B’By|, (2.26)
2/.1() 2
0 1 r 0 r 6 2x r
S% =p+—|E'E, - E’Ey+ B'B, - BBy + —=B'B, |, (2.27)
240 2
1 [ 2 .
§%y=p+Te + p)UP— |E'E; + BB + =(1 + T2 U»B'B; (2.28)
210 2

all other components of J; and S’; being zero. x is the magnetisation, defined by
eq.(2.9) and U is the physical fluid velocity in the ¢ direction, as measured by the

Eulerian observer; it is given by

: Br sinf

U (Q-N% (2.29)

2.1.4 Magnetostatic equilibrium

The equations for magnetostatic equilibrium can be derived from the conservation of
energy and momentum, expressed as vanishing divergence of the energy-momentum
tensor:

VT =0 (2.30)

This can be detailed as:
VT = VTP — P frec ZLFMVBF‘” 2.31)
HO
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where T}Y'B

one can recognise the usual Lorentz force term, too, arising from free currents.

represents the perfect-fluid contribution to the energy-momentum tensor;

As in Bocquet et al. (1995), in the case of rigid rotation (€2 constant across

the star), a first integral of the following expression is sought

0p+ ov  OlnlI’ PP
e+poxt  oOxt  Ox ioJ" free

(e +p) — L F Vi = (2.32)
2p0

let us first note that for the neutron star case with a magnetic field in beta-equilibrium
and at zero temperature, the enthalpy is a function of both baryon density and

magnetic field
E+p

h = h(ny, b) = = 1 (2.33)

Hence we have
Olnh B 1{0h On, OhOob

oxi  h\om, oxi " 0box

(2.34)

In addition, the following thermodynamic relations are valid under the present

assumptions

oh 1 op
R 2.35
al’lb np anb ( )
op oe
And we obtain for the derivative of the logarithm of the enthalpy
olnh 1 apanb+8_p_m%
Axi  e+p|ony, x'  \ob Ox!
(2.37)
1 op ob
= - —m—
e+ p \oxt ox'

we assume that matter is a perfect conductor (A; = €Ay inside the star);and it

is possible to relate the components of the electric current to the electromagnetic
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potential Ay, through an arbitrary function f, called the current function:

J?—Qj' = (e+p)f(Ay) (2.38)

Under these two assumptions, the Lorentz force term becomes

) ) L 0Ay oM
Ep]pfree = (.]¢ _QJI)W = _(8+p) axi (239)
with
A¢(r,0)
M(r,0)=— J f(x)dx (2.40)
0
then
In A(r,0) + v(r,0) —In I'(r, 0) + M(r, 0) = const. (2.41)

2.1.5 TOV and TOV-like Systems

Bowers and Liang have derived the resulting coupled system of equations for the

star’s structure?” and reads

d
g (2.42)
dr
do 2Gm\~' (Gm Dr_
E = (1—7) (F—2+47TG27"), (243)
dp, _ pr\d® 2
= (o4 B) 2 S -, (2.44)

where m(7) 1s the total mass enclosed in the sphere of radius 7, ®(¥)/ c? is the
Newtonian gravitational potential, € is energy density, p, and p, are the radial and

tangential pressure components.

As discussed in the introduction, it is fundamentally inconsistent with

solving spherically symmetric equations for magnetized neutron-star models since it
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completely neglects the star’s deformation due to the electromagnetic field. However,
it is tempting to have a simple approach at hand, which allows us at least to reproduce
the effects of the magnetic field on qualitatively (some) neutron-star properties by
performing calculations only slightly more complicated than solving TOV equations.
To that end, we modify the TOV system by adding the contribution from the magnetic

field to the energy density and a Lorentz force term to the equilibrium equation:

d b?
R (8 ¥ _) : (2.45)
dr Mo
do 26m\”" (Gm p_
E = (1 — fcz ) (f—2 +47TG§7') , (246)
dp b*> p)\[(d® _
— = —+= | (= -L»). 2.47
a7 (8+,u0+c2)(df (r)) 247

b is the norm of the magnetic field ,and L(#) denotes here the Lorentz force

contribution 2522

2.2 Numarical Solution

2.2.1 Poisson-like Partial Differential Equations Solution

We used LORENE code, which using spectral methods for solving Poisson-like
partial differential equations which develop in Einstein-Maxwell system eqs(2.28)),

(2.14) and (2.13)). Including modified inclusion of new magnetization terms, where,

depending on the magnetization x defined in eq. (2.15)), in these partial differential
equations as shown in eq. (2.41)), the expression for fluid’s equilibrium does not

change in the fields of gravity and magnetism.

119

The difference with Bocquet™” comes from using EoS which gives all

required variables €, p, x, np; depending on two parameters: enthalpy 4 and magnetic

field amplitude b = Vb,b® in FRF.
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The free physical parameters that enter our model are: EoS, current
function f (2.13), spin frequency and logarithm of central enthalpy H, = log(h(r =
0)). Once the equilibrium configuration has been calculated, global quantities are
obtained either from the approximate behavior of the gravitational field (e.g., the
gravitational mass M) or from the integral over the size of the star (the baryonic

mass Mp) and the electromagnetic field (the magnetic moment M).

2.2.2 TOV-like System Solution

In contrast to the previous subsection method, we solved a TOV-like system using the
Fourth-Order Runge-Kutta Methods; Runge-Kutta methods are one-step methods.
But, with multiple stages in each step. They are stimulated by relying on the Taylor
methods. These new methods do not need derivatives of the right-hand side function
f(t,y(t)) in the code and are thus general-purpose primary value problem solvers.
The Runge-Kutta methods are among the most popular ODE solvers. Carle Runge
and Martin Kutta first taught it around 1900. Modern developments are mostly by

John Butcher in the 1960s.

The general first-order ODE system are>"

p'(x) = f(x, p(x)) (2.48)

The classical Fourth-Order Runge-Kutta Methods is given by

ki ko ks ks

F+3+3+6’ (2.49)

pn+1=pn+h[

with k1 = f (xn,pn) ,
k2=f(xn+g,pn+§k1),
kyi=f (xn +4 p,+ %kz)

b
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ka=f (xu+h,p,+hks3).

The k1, k2, k3 ,and k4 are known as stages of the Runge-Kutta method.
They correspond to different estimates for the slope of the solution. Note that p,+hk1
corresponds to an Euler step with stepsize h starting from (x,, p,). Therefore, k1
corresponds to the slope of the solution one would get by taking one Euler step with

stepsize h starting from (x,, p, )"
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Chapter 3: Neutron Stars: Proper-

ties results

3.1 Magnetic Field Profile

Based on the numerical solution of the equations obtained in Chapter 2 using
LORENE Code, we built a (table EoS) to create the magnetic field profile and other

properties after entering the equation of the state table’s initial properties.

Based on the results obtained with the computer code: The shape of the
magnetic field lines and the radius of the star change with the change of the central
enthalpy (H.). In Figure (3.1)), we plot the magnetic field lines for different values of
Central Enthalpy. WE start with a small value and increase it through the different
panels of the figure. We can see that when the amount of the central enthalpy is
small, the field lines that are close to the center are parallel and straight, and with
the increase in the value of the central enthalpy, the curvature, and expansion of
the field lines increases outward. As for the radius, the change is noticeable when
the central enthalpy changes from a very small value H. = 0.01¢? to H. = 0.1c?,
where the enthalpy doubled ten times, and the radius doubled approximately one
time. If the enthalpy changes, It did not change the shape of the magnetic field

lines in the star only and their magnitude it also changes the maximum value was in
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panel a by 3.057 x 10*'°G, while in Figure (3.1]b) is increased by 2.324 x 10*!7G.
The amount of the maximum value in Figure (3.1] ¢) triple the enthalpy, where it
became H, = 0.3¢?, and the magnitude of the magnetic field became 5.036x 10*17G

and also became 7.035 x 10*!7G When the central enthalpy reaches H, = 0.5¢? in

Figure(3.14d).

Magnetic field Magnetic field
a-  with central enthalpy = 0.01 c?2 b- with central enthalpy = 0.1 c*2
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Figure 3.1: Magnetic field lines in the plane (x, z) of Mg = 3M Neutron star model is equipped
with a magnetic field B and a unique EoS table (see EoS of Table) with the difference in the value of
the central enthalpy [€2]10.01,0.1,0.3,0.5 in a, b, ¢, d in series. The bold line indicates the surface

of the star and the magnetic moment is along the z-axis.
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Based on these results, it is apparent that the enthalpy in the neutron star
controls the distribution and shape of the magnetic field lines, where the highest
value the central enthalpy , the more significant the curvature and expansion of the
lines. In addition to a positive increase in the magnitude of the magnetic field, and
its maximum value with the increase of the central enthalpy, one also can see that

the radius of the star increases in the same manner but at a lower rate.

As the magnetic field changes with the central enthalpy, the magnetic field
norm rings’ shape changes with the central enthalpy (H.). The magnetic field norm
consists of three main rings: a central rings and two other rings beside the center.
In Figure (3.2]a), the central enthalpy is very small, but the central rings of the field
norm is large, and the other rings are very small. With the increase in the central
enthalpy’s value, the curvature and expansion of the norm rings beside the center
increases. While in Figure (3.2[d), the side rings become more apparent for the one
before them, and the central ring is close in shape to the side rings, which differs in
Figure (3.2b and [3.2c). One can notice that the central ring starts to be more like a
circle, and the with the increment of H., it starts to deform in shape and deviate from
circular shape. Consequently, the neutron star’s enthalpy controls the distribution
and shape of the magnetic field norm rings, where the largest value of the central

enthalpy, the central rings contract and the side rings expand.

Since the magnetic field and the magnetic field norm are affected by central
enthalpy, enthalpy is in the star as a whole, according to Figure (3.3). The greater
the central enthalpy, the more intense the isocontour rings that express the enthalpy
distribution in the neutron star entered the star, while outside the star, the density of

the dashed lines decreased.

Generally, We also note that the rings’ shape changes inside the star with

the central enthalpy change. In Figure (3.3p), the rings were circular and regular. The
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Figure 3.2: Magnetic field norm rings in the plane (x, z) of Mg = 3M Neutron star model is
equipped with a magnetic field B and a unique EoS table (see EoS of Table) with the difference in
the value of the central enthalpy [¢*]10.01,0.1,0.3,0.5 in a, b, ¢, d in series. The bold line indicates
the surface of the star and the magnetic moment is along the z-axis.

farther from the center, the rings converged more due to the decrease in the central
enthalpy amount and the lack of field lines in the center, and the maximum value
of the magnetic field Very little. but in Figure (3.3|b), the isocontour rings become

horizontal elliptical and become more convergent, and the density of the rings is

higher due to the large increase in the enthalpy from H, = 0.01 to H, = 0.1. However,
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Figure 3.3: Enthalpy isocontours in the plane ((x, z) of Mg = 3M, the solid rings represent positive
enthalpy isocontours, dashed rings negative ones (no matter).

with the increase of the central enthalpy, the contour rings’ density increases, and
their diameter decreases, but it becomes horizontal elliptical due to the curvature
of the field lines and the change in the energy distribution. However, this does not
change the physical meaning because it depends on identifying the axes only, as in
Figure (3.3k). In the end, with the height of the central enthalpy and the magnitude

of the magnetic field greatly, the isocontour rings become very close, smaller, and
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regular circular as in Figure (3.3d).

We conclude from the above that biconvex contour rings change in terms of
their density, size, and shape, the density of the contour rings increases directly with
the increase of the central enthalpy and the magnetic field, their size decreases, and
their shape changes according to the curvature of the magnetic field lines, especially

at high magnetic fields, as in Figure (3.3]d).

Thus, we have tested the construction of the magnetic field profile, and
we will depend on the results of the larger magnetic field as it depends on Fig-
ure(3.1d3.2d, and [3.3d) that we will use it in solving TOV-like equations and

identifying the properties of mass and pressure.

3.2 Structure of Neutron Star

In this section, we will discuss the change in the mass and pressure properties of a
neutron star that has a high magnetic field and adopt several shapes of the magnetic
field norm b;(x) for comparison and understanding how these properties change
with ,x = r/Fmean, the ratio between the radius 7 in Schwarzschild coordinates and

the star’s mean (or areal).

We will examine four forms of the magnetic field norm, which are the
absence of a field, a static field, an increasing variable field, and a contradictory
variable field, which are illustrated in the following b = 0,5 = constant ,equa-
tions where b, = 5 x 101°G, as shown Figure based on Chatterjee,
201948

bo(x) = by X (1 = 1.6x% — x* +4.2x°5 — 2.4x%), (3.1

bo(x) = be X (1.1x — 0.1x% + 2.2x3 — 0.7x* = 1.3x° — x9). (3.2)
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Figure 3.4: Several shapes of the magnetic field norm b;(x)

To understand the behavior and effect of a magnetic field norm on mass
and pressure; We divided the mass and pressure by the maximum values in each
case, compared them, and took the magnetic field norm on which our magnetic field

profile depends.

After solving the equations, we noticed a distinct differences of mass
change with the star’s radius, as in Figure (3.5]left), especially the rate of change (the
slope of the tangent to the curve), which we will rely on in the comparison. In the
absence of a magnetic field, which is a hypothetical case, the change in the tangent
to the curve (black) at the beginning is more noticeable. When x approaches one
(close to a star’s surface), the tangent slope is almost fixed. i.e., the change in the

matter is proven.

In this case, it is due to the effect of chaos. The effect of attraction is
more regular after the concentration of most of its mass and depends on the radius
(the distance between two masses, as in Newton’s law of general attraction) linearly
as observed. However, in the case of a constant magnetic field, we notice that the

tangent change to the curve (red) has become slower than The absence of the field.
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This means that the change of matter inside the star becomes less than, and the

matter is distributed more.

X r(km)

Figure 3.5: (left)ii = m/myqx VS.X = ¥ [T mean- (right) mass m(Ms,,, vs. radius r(km).

The most important thing we want to know is the characteristics of the
material distribution with the most realistic magnetic field that bg is expressed in
the blue curve; We notice an exact change in the behavior of the curve from the
previous cases, where the slope change is initially slow, then the rate of change of
the slope increases and is constant between 0.3 and 0.5. It changes between 0.5
and 0.8 non-linearly and then becomes slower and more stable. In comparison with
a changing magnetic field (green), we notice that the change in inclination is very
different and does not give expected results, where the rate of change of the tilt,
i.e., the change of the matter concerning the radius, is minimal until it approaches
the middle of the star. However, it expected that most of the matter, which will be

concentrated in the star’s core, as we indicated in the foreground.

We conclude from the preceding that the behavior of the 77 —x curve, which
expresses the change of mass within the neutron star, changes with the presence or

absence of several forms of the magnetic field, where it is more variable and more
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realistic with bg, in which the distribution of matter is denser than. In the star’s
core, but with the increase in the force of gravity and the magnetic force, the change
in the mass (matter) becomes more stable. Furthermore, with the increase is in the
intensity of the magnetic field compared with the gravity (the amount of matter),
the distribution changes, but it is fixed when approaching the surface of the star as

expressed in Figure (3.5/Right).
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Figure 3.6: (Ieft)p = p/pmax VS.X = 7/Tmean. (right) pressure p(10*’ N/m? vs. radius r(km).

Another property that we study is pressure. We notice that the changes
in pressure with different magnetic fields are less, as shown in Figure (3.6] left),
except for the hypothetical variable magnetic field (green). In the loss of a magnetic
field, we notice that the change in the inclination of the curve at the beginning is
tremendously rapid, and this is normal due to the presence of matter in the core of
the star, and then the pressure gradually decreases to become more stable for the
radius (black), i.e., when approaching the surface. With a fixed magnetic field, there
is a displacement in the curve. The change is in the slope decreases faster. It proves

the curve’s slope in the same way (red) due to the influence of the static magnetic

field.
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As a mass, the most important thing we want to know is that pressure is
affected by a magnetic field, exceptionally the most realistic, which is expressed by
by in the blue curve; We notice an exact change in the behavior of the curve from the
previous cases, where the change in the slope is at first very fast and continues more
with the increase of x (inside the star). The slope rate slowly decreases between
0.1 and 0.2, and then it changes between 0.2 and 0.4, respectively. Non-linear and
then slower and slope close to zero. In comparison with a changing magnetic field
(green), we notice that the change in inclination is very different and does not give
expected results, where the rate of change of inclination, i.e., the change in pressure
for the radius, is meager until it approaches the middle of the star. However, it
expected that most of the matter, which will be concentrated in the star’s core, as we

indicated in the foreground.

We conclude from the previous that the behavior of p — x curve, which
expresses the change in pressure inside the neutron star, changes with the presence
or absence of several forms of the magnetic field. Where it is more variable and
more realistic with bg, in which the pressure is more in the core of the star, but
with the increase in the force of gravity and the magnetic force becomes more, the
change in pressure becomes almost non-existent (i.e., the pressure is constant) when

approaching the surface of the star as it crosses the Figure (3.6|right).

48



Chapter 4: Conclusions

The study of neutron stars is significant to understand the properties of
matter in conditions different from Earth, where the density of matter and energy
is high, and the magnetic field is strong. In this study, We investigated to study
the contribution and effect of the magnetic field on the neutron star structure. This
model considers a system consisting of attractive protons confined to finite relative
space and with a magnetic field. We constructed the state equation so that the
material is denser and depends on the magnetizing properties. Also, we used the
solution of the Poisson-like partial differential equations that were developed in the
Einstein-Maxwell system to determine the shape of the magnetic field lines, the
standard magnetic field, and the bifurcation, and select the largest magnetic field
possible depending on the central enthalpy. We also used differential TOV-like rates

to find the relationship of mass and pressure with the star’s dimensions.

Our neutron star structure is described by many parameters such as bifur-
cation, material density, and magnetic medium. The other parameters describe the

magnetic field structure and other physical properties.

These elements play a significant role in the magnetic field’s bends within
the neutron star and the system’s energy. We note that the variable standard magnetic
field characteristically affects the material’s properties for the systems considered

here.
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Our results indicate that the magnetic field plays an essential role in
forming the neutron star, whether in its radius or distributing the material (mass) and
the pressure inside it. The central elongation controls the magnetic field, composition
of the magnetic field profile, and system state. Most importantly, the magnetic field
properties significantly impact the mass and pressure, as the distribution of the
material inside the star changes and are centered in the core. Its distribution in
several stages (layers) sometimes according to the magnetic field’s shape and in
each case, especially in the most realistic cases. Our simulations suggest that the
mass distribution is always variable and dimensional in the static magnetic field. On
the contrary, the change in the mass distribution in the case of the changing magnetic
field (more realistic) in stages and within periods as we explained in Chapter Three
and this applies to the change of pressure, but the effect of the change of the magnetic

field on it is less noticeable.

In future work, more complications could be added to our model. This in-
cludes considering the presence of diversity in the matter and the internal interaction
between them. Moreover, we can investigate the effect of a strong magnetic field
on a neutron star structure and solve the system equations in full without neglecting

variables such as the change in the gravitational coefficient and other internal forces.
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